
Lyapunnestabilitg-s.aeConsider V :1R^→R , V C- d

-
V is p.cl. if 11cal - o and HCN > o HX -1-0

- Vis radially unbounded if

Vca →• as uxn→•

-
For the system

"

✗ zfcx) , we define

Ñc✗) - ¥#☒ fcx)

Thm_ (Thm 4. land 4.2 in book)
- Consider I - fast with ✗ - o as eqlb .

-

1- et V be p.cl.

If

① Ñcx ) to if ✗ c-☐
→ open set containing

zero

then ✗- o is stable

② is as 20 H ✗ ED -%}
then * o is AS

③ ich Lo it ✗Go and ✓ is radially unbounded

→ He is ⑦ AS



pmop_Notatim@baauBrzEXGiR7axuer2iH.s
"" ""°?⃝38 sit . B?⃝
if 11×01128 ⇒ 11ktHtc Ap

Br
- Pick r c- $0, E) St .

Br - { ✗capitaine r} c. ☐ → Possible
because D is open.

- let ✗ - min 11cm and 13 C- Co, a)
✗truer

- let thp-EXC-BRIVCNIP.is/s%aee@
-
Then Apo C Br

If not , then J-PE-hp.s.li. UPW
P

①this Br
⇒ cpl >✗> B → contradicts perp

-
If ✗case_np , then ✗ it c- this because

ÑCX in) so → ✗cat,) I ✗ can) £13 ttzo

-
weneed to choose 8 small enough S.t. Bgc -2,3



-
Because V is continues at ✗ 20 , then

3- Sso St . if ✗✗ - $115S → 1KUSD

then 14cm - VG) 12,3 → VQKp
I

⇒ Bgc -2ps CBR
v is cent .

-3 if We Utd • ✗ cos £-2B
É j ✗Lts C-RB

bgdef of Ap
→ ✗ its c- Br

big def
of Br

• llxctsll tr E
Joe⑤Prnnf for AS

→
Now

, assume ÑC) µ it ✗ ED . RIO

-
Need a show * cts → o as t →a

-
It is sufficient to show Vcxct,) → 0

because llcxcti)→ o happens if ✗a)→ 0

or ✗a)→ so , but from stability/✗ its is bold.
- %c✗u→)$o ⇒ Kday is monotonically decreasing

✗Kayoko and bdd from below.

→ ✗cat , ) converges to some number •



- If Ceo
,
we are done.

-

To show c-0
,
we nose contradiction.

- Suppose •Bo .
Choose d small enough

sat. Bde the

✓
✗as

-
Because NCAA)) > C

Then
,
Uhhh >d

←

①
•

- let -8 -- max Icn
d#Ukr Bd

- By assumption (1%0) 6 >
o

t Br
- llcxcti) - Vcxas] as.ir/csDdsfVcXcnI-8t--
-
the RHS becomes negative andcontradicts Hasan>,$

go



③ Proof for ①AS

-
Need to show ✗ its → o as c- → oo

from any initial condition (I:C.)

- It is enough to show that ✗ it) is bounded

starting from any I. C. or vatsHer

for some ✓

-
Because

,
then

, we Cann eye the same arguments

as in part ③ far AS to show ✗cts→ 0

-

To show ✗it) is bounded ,weuse the

fact that v1 is radially unbounded

-

For
any initial condition , let c- llcxcos)

- ish implies that

Fr> o S.t. VCD > c for all 11×11 >r

-

Therefore
, the - { ✗GIÑIVCXKC} •Br

•
✗a) Ehc ¥5 ✗as c- the ⇒ ✗it C- Br

→ ✗it, is bounded gag



Remark :

-
function it satisfying p.cl and Ñ to is called

Lyapunov functions

• Finding the Lyapunov function is art and based
on experience and intuition → No principled way

Elamptesz (scalar systems)

- Consider I - - got) ✗ c- IR

where gcxix > o it ✗-10 and Kisa
-

and * - o
g a) * ☐ if ✗ C- Co, a)

is eqlb . paint {ya, < , if ✗ C- C-a, a)

geol - o

:#
for example goal - ✗ or✗

3

- Pictorially , we can see ✗ - o is AS

since ✗ cts > o implies I --goes to

✗also implies I e-gas >s



-
We can conduct AS using Lyapuune

turret
.

-
Define Van - f) cgcgsdy
- Then

,
His pad . because VCO) - o

VCX ) DO
•
Also , Ian --8×4*84

e- 9¥, co Hx -10

⇒ ✗ - o is AS .

Examine: (Energy function)

- Consider Pendelum IF ✗2

"

✗a - - asincx, ] - bxz

- Energy is usually a good candidate for typ fine.

- Vcxs - 2- ×:* act- Cosas,

⇒ VCD ) ⇐ o
,
VCX) Bo 1-1×-10

⇒ ICN - ¥7 - [ asincxi , ✗is [
✗2

)
- astncxi ) -He



⇒ ¥c×\ - a ✗25inch) - a Xzsinch] - b ✗I

- -bei

-
If b -o ⇒ I to • ✗-o is stable

and not AS since

ICN -o

-
If b > o, we can not apply the theorem

because Ben -o if ✗2- o but ✗, is arbitrary
- But we know that X-D is AS =

- Later, we introduce Lasalle them far this case

- But
,
now let's try modifying the tyapnnne fine

-

11cm - I XTPX + all - Cosa, ))

• tea , ✗is [
" "" 11¥] aaa.amPiz Pzz

- Val is p.cl if tmatrix P is p.ae.

-
This is true when Pu > 0 , Pupzz -REDO

pñnciPa¥



- Icm - g¥f

z [Puk -1%2×2+aSindh) , Pzz✗z+RzX,]
•✗

-3%2 Pu ✗ , ✗2+132×22-1 a✗25inch )
- = ←

- Pzz ✗zasincx,) - 1724 aSinan]
→

-

bpz-zi-E-b.kz/-2-CPiz-bPzz)XEaCPn-bRz)XiXz-Cl-Pzz)a
✗25inch) - Pizax,since,)

- mewant jia , <☐ ⇒ Pu - bPiz to remove

Pzz- l the cross

terms
and

Ibpzz>Rz to make it

negative
- for p.cl, we have p,? zPµPz, • Pa -10192

& Piz sb and R2☒

-
Take Piz - ¥ → Pu - b} , Pzz -7

⇒ ✓ ⇒ -bgxi-aab-x.si-ca ) ⇒ # Ko


